If there are correlations between two qubits then the results of the measurement on one of them can help to predict measurement results on the other one. It is an interesting question what can be predicted about the results of two complementary projective measurements on the first qubit. To quantify these predictions the complementary knowledge excesses are used. A non-trivial constraint restricting them is derived. For any mixed state and for arbitrary measurements the knowledge excesses are bounded by a factor depending only on the maximal violation ofBell's inequalities. This result is experimentally verified on two-photon Werner states prepared by means of spontaneous parametric down-conversion.
INTRODUCTION
Immediately after the discovery of quantum mechanics, it was realized that quantum correlations between two particles exhibit interesting counterintuitive features.1 Assuming a pair of maximally entangled qubits S and M, the results of complementary measurements on qubit S can be, in principle, perfectly predicted from two appropriate measurements on qubit ill. Later, it was shown that quantum mechanics predicts different values of certain correlations of measurement results than local realistic theories. Inequalities, which have to be satisfied within the local realism, were derived by Bell.2 The predictions of quantum mechanics were already satisfactorily experimentally confirmed using pairs of photons entangled in
In this Letter, we analyze in detail how the correlations between the qubits prepared in a general mixed state enhance our ability to predict the results of complementary projective measurements on one qubit when we know the measurement results on the other one. This enhancement can be described by the quantity that we will call complementary knowledge excess. We derive a non-trivial bound on the knowledge excesses which is determined only by the maximal violation ofBell inequalities. 5 An experimental test ofthis restriction on complementary knowledge excesses was performed using mixed two-photon Werner state prepared by means of spontaneous parametric down-conversion.
THEORY
We assume a general mixed state PsM of a "signal" qubit S and a "meter" qubit M. Performing two (ideal) projective measurements 'TIM, H on qubit M, the prediction of the results of mutually complementary measurements Hs, H on qubit S can be improved. Complementarity of measurements on a qubit means that TrHsH 1/2 for any i,j = 1, w + w1 = 1 and the meter operators PM, p, XM depend on the choice of the measurement Is. In order to predict the result of the measurement 11s one needs to discriminate between the mixed states PM and p by a projective two-component measurement 11M = {llMo,IIM1 } (llMo + IIM1 1, HMOHM1 = 0) on the qubit M. Using maximum likelihood estimation strategy, we can guess for each detection event the most likely result of the measurement Hs. Our knowledge can be quantified as the fractional excess of the right guesses over wrong guesses in many such experiments repeated under identical conditions.6 Using our expansion of PSM the total knowledge is K(HM -Hs) = jTr,JHjw(wpM -w-'-p)J, whereas without the measurement llM the knowledge is P(H) = Jw -wa-I. . .
• .
then Bmax 2'-t33. Finally we obtain an inequality iD + AD (BmaxI2) valid for an arbitrary state PSM. The equality occurs for states with zero a-priori knowledges. For such states a non-zero knowledge can be obtained only though the measurement on M. Now we generalize these results to any state PSM as well as for arbitrary measurements Hs, H, iTEM, H, where H, ll are complementary measurements. As pointed out, any mixed two-qubit state can be uniquely prepared from some state pSM (of a special form discussed above) by appropriate local unitary transformations U, UM acting on qubits S and M, respectively. Further, the transformation of the above chosen measurements Hs and H's to arbitrary (but still complementary) measurements Hs and ll corresponds effectively to the extra local unitary transformation U acting on the qubit S. Since distinguishabilities zD(lls) and zD(ll) are invariant under any local unitary transformation on the qubit M, it is sufficient to take into account only ajoint unitary transformation U = U11U acting on qubit S. For any unitary transformations U there is a unique rotation 0 such that U(i1 . ô)Ut (Ofl) . 5. If a state PSM with diagonal T is subjected to the U8 0 UM transformation its correlation matrix transforms as follows T = OTO.7 Thus ajoint unitary transformation U can be represented as a transformation of the correlation tensor T = OsT, where Os is a matrix of rotation in R3 space.
First, we will explicitly calculate zD(lls) and zD(H) for any mixed state using the transformation T = O5T.
Assumingt1 22 weobtain LD(ll) = max(O, /t3 + t2 + t1-ri3f) and D(H') = max(O, /t1 + t2 + t3-IiI). Th'en we straightforwardly get zD2(Hs) + zD2(ll's) (Bmax/2)2. By analogous calculations we obtain the same result for t1 :c 22 Finally, since K(IIM H) D(lls) and iK(ll -H) < zD(H') we can conclude that K2(HM H) + K2(H ll) (Bx)2 (2) Thus the maximal Bell factor represents a non-trivial bound on the sum of the squares of knowledge excesses which can be extracted from a pair of measurements on the "meter" qubit. Assuming IIM = H we can also derive an inequality analogous to that given in Ref. A natural question is how inequality (2) can be saturated. For the class of states with vanishing a-priori knowledges for any measurements Hs, H it can be saturated just by the appropriate choice of measurements Us, H, flM, H. In fact, it corresponds to the transformation of the given state to the state with diagonal correlation tensor. It was recently shown that there are such unique local (stochastically reversible) filtering operations F, FM applicable on a single copy of a qubit pair (FF8 and FFM 1M) that transform (with a non-zero probability) any two-qubit mixed state into a state which is (i) diagonal in Bell basis and (ii) has the Bell factor Bax Bmax.9 Since these Bell-diagonal states have the both local states maximally disordered the a-priori knowledges vanish. Thus -because the inequality (2) is satisfied also after the filtering -we can always saturate it with the upper bound given by Bax jt5t by an appropriate choice of the measurements F-Es, fl, 11M, 'TIM after the appropriate local filtering.
EXPERIMENT
We have verified inequality (2) experimentally for two Werner states of qubits, pP)('I' + 11 (each qubit was represented by a polarization of a photon).1° The parameter of the first Werner state (p 0.82) has been chosen so that the state was entangled and violated Bell inequalities, the parameter of the second one (p2 0.45) so that it was entangled but did not violate Bell inequalities. The scheme of our experimental setup is shown in Fig. I .A krypton-ion cw laser (413.1 nm, 90 mW) is used to pump a 10-mm-long Li103 nonlinear crystal cut for degenerate type-I parametric downconversion. We exploit the fact that the pairs of photons generated by spontaneous parametric downconversion (SPDC) manifest tight time correlations. In our setup the photons produced by SPDC have horizontal linear polarizations. Different linear-polarization states are prepared by means of half-wave plates (\/2). The two photons impinge on two input ports of a beamsplitter (BS) forming a Hong-Ou-Mandel (HOM) interferometer." A scanning mirror is used in one interferometer arm in order to balance the length of both arms, as indicated by an arrow in Fig. I .A glass plate (GP), that introduces polarization dependent losses, serves to compensate a non-ideal splitting ratio of the beam-splitting cube (it is about 5 1 :49bfor vertical and 55:45 for horizontal polarization). HOM interferometer enables us to prepare conditionally polarization singlet states (i.e., 4') Bell states). The simplest theoretical model ofthe beamsplitter leads to the conclusion that if one fetches Bell states at the input the only one of them that results in a coincident detection at two different outputs of the beamsplitter is the singlet state fW). However, in case of a "real" beam-splitting cube one must take into account that the two photons strike upon a beamsplitter in opposite directions. So, the mutual phase (at the interface plane) of the horizontal components of the electric-field vectors from the two opposite inputs is shifted by 180° just for geometrical reasons. Therefore it is the triplet state W+) that leads to a coincident detection at different outputs. However, it is easy to change +) to '1) by means of a half-wave plate placed in one output arm of the BS.
The mesurement block in each output arm consists of a half-wave plate and polarizing beamsplitter (PBS). It enables measurement in any linear-polarization basis. Behind the PBS the beams are filtered by cut-off filters and fed into multimode optical fibers leading to detectors D1 D4 (Perkin-Elmer single-photon counting modules; quantum efficiency 50%, darkcounts about 100s'). The Werner states were prepared as a "mixture" of three kinds of inputs. First we measured coincidences with horizontal and vertical polarizations in the individual inputs of HOM interferometer (measurement time for each point in the following graphs was 22 s), then we added the results of measurement with two horizontally polarized input photons (this measurement period took 10 s), and finally we measured with two vertically polarized input photons (13 s). The different times of measurement compensated the influence of a glass plate (GP) for the vertical-vertical and horizontal-horizontal input polarizations. The different values of parameterp were obtained changing the position of the scanning mirror. Namely, we have measured at 0 pm and 30 m from the dip center. 
where the correlation function C(t91 , t92) is estimated from the measured data as C+C-C-C 6 () Let us note that for Werner states the theoretical predictions of regarded quantities read: K = p I cos(2t9)I, K' = Pt sin(2t9)I, P = P' = 0, Bmax p2-s,/. Clearly, maximal value of K2(t9) + K'2(i9') should appear for t9 = 0°( and 90°), t9' = 45°.
The following graphs display our experimental results. In Fig. 2 there are plotted the squares of the knowledge excesses K2(t9), K'2(t9) and their sum measured for the Werner state with parameterp 0.82 (this parameter was estimated from the best fit accordingly to the theoretical predictions for Werner states). The error bars show statistical errors. The accuracyfpolarization-angle settings was about is I .273). As can be seen, for the both measured states the experiment has verified inequality (2).
CONCLUSIONS
The measurement on the one of two correlated particles give us a power of prediction of the measurement results on the other one. Of course, one can never predict exactly the results of two complementary measurements at once. However, knowing what kind of measurement we want to predict on "signal" particle, we can choose the optimal measurement on the "meter" particle. But there is still a fundamental limitation given by the sort and amount of correlations between the particles. Both these kinds of constraints are quantitatively expressed by our inequality. The maximal displayed value of the vertical axis shows the measured value of (Bmax/2)2. 
